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ON SURFACES OF MAXIMAL SECTIONAL REGULARITY 


MARKUS BRODMANN, WANSEOK LEE, EUISUNG PARK, PETER SCHENZEL 


Abstract. We study projective surfaces A C P’’ (with r > 5) of maximal sectional reg¬ 
ularity and degree d > r, hence surfaces for which the Castelnuovo-Mumford regularity 
reg(C) of a general hyperplane section curve C = X nP’’“^ takes the maximally possible 
value d — r + 3. We use the classification of varieties of maximal sectional regularity of 
|BLPS1] to see that these surfaces are either particular divisors on a smooth rational 
3-fold scroll S'(l, 1,1) C P®, or else admit a plane F = P^ C P*" such that A n F C F 
is a pure curve of degree d — r + 3. We show that our surfaces are either cones over 
curves of maximal regularity, or almost non-singular projections of smooth rational sur¬ 
face scrolls. We use this to show that the Castelnuovo-Mumford regularity of such a 
surface A satisfies the equality reg(A) = d — r + 3 and we compute or estimate various 
of the cohomological invariants as well as the Betti numbers of such surfaces. We also 
study the geometry of extremal secant lines of our surfaces A, more precisely the closure 
E(A) of the set of all proper extremal secant lines to A in the Grassmannian G(1,P’'). 


1. Introduction 

Varieties of maximal sectional regularity. In |BLPSlj we have studied and classified 
projective varieties A C of dimension n > 2, of codimension c > 3 and of degree 
d > c + 3 which are of maximal sectional regularity, which means that the Castelnuovo- 
Mumford regularity reg(C) of a general linear curve section C = X nP‘^+^ C P^ of A takes 
the maximally possible value d — c + 1. There are two possible types of such varieties, 
namely (see also Theorem 12 .1 1 below): 

Either it holds c = 3 and X k, H + [d — 3)F is a. divisor on a rational {n -|- l)-fold scroll 
W C P”+^ with n — 3-dimensional vertex, where if C IF is the hyperplane divisor and 
_p = P" c IF is a linear n-space; 

or else, there is linear subspace F = F(A) = P" c P^ such that AflF C F is a hypersurface 
of degree d — c+1. 

If A is of type II, the n-space F(A) is unique and coincides with the so-called extremal 
variety of A, that is the closed union of all lines in P'’ which are (f — c + l)-secant 
to a general curve section of A. Moreover, if the (algebraically closed) base field k is 
of characteristic 0 or if n = 2, each variety A C P^ of maximal sectional regularity is 
sectionally smooth rational (in the sense of Section 2 below) and hence is an almost non¬ 
singular linear projection of a rational n-fold scroll A C (see Theorem 12.7p . In 

addition, this projecting scroll A is singular if and only if A is a cone. 
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Surfaces of maximal sectional regularity. In this paper we focus on the case in which 
n = 2, hence the case in which X is a surface of maximal sectional regularity, and we 
shall investigate in detail the structure of X. In this case, the above two possible types 
present themselves as follows (see Corollary 12.31 below): 

Type I: It holds r = 5 and X ^ H+ {d — 3)F is a smooth divisor on the smooth rational 3- 
fold scroll iy = S'(l,l,l)cP^, where H G W is the hyperplane divisor and F = F‘^ G W 
is a ruling plane. 

Type II: There is a plane F = C P*” such that X fl F C F is a pure curve of degree 
d — r + 3. _ 

Moreover in this situation either the projecting surface scroll X G P'^+^ is smooth or X is 
a cone over a curve of maximal regularity. It turns out that the surfaces in question have 
a rich geometric, homological and cohomological structure, which we aim to investigate 
in this paper. 

Preview of results. Section 2: We give a few preliminaries, which mainly rely on re¬ 
sults established in [BLPSlj . We also establish a bound for the Castelnuovo-Mumford 
regularity of varieties which are almost non-singular projections of varieties satisfying the 
Green-Lazarsfeld property iV 2 ,p (see Theorem 12.9|) . We shall revisit the extremal secant 
locus S(X) of an arbitrary non-degenerate irreducible projective variety X C P’’ of degree 
d and codimension c > 2, that is the closure of the set of all proper (d —c-M)-secant lines 
to X in the Grassmannian G(l, P^) of all lines in P'’. This locus is particularly interesting 
if X is a surface of extremal regularity and hence satishes the inequality reg(X) > d—r+3. 
We also consider the so-called special extremal locus *E(X) of a variety X of maximal 
sectional regularity, hence the closure of the set of all lines in G(l, P’’) which are {d—r + 3)- 
secant to a general curve section of X. We show that this latter locus has dimension 2, if 
X is a surface of maximal sectional regularity (see Proposition 12.121) . 

Section 3: We study sectionally smooth rational surfaces, hence surfaces whose general 
curve section is smooth and rational - a property which holds for surfaces of maximal 
sectional regularity. As sectionally smooth rational surfaces are almost non-singular pro¬ 
jections of surface scrolls, they have a number of interesting properties and their cohomol¬ 
ogy is quite well understood. In particular, they satisfy the conjectural regularity bound 
of Eisenbud-Goto isg (see Theorem 13.41) . The results of this section will pave our way 
for a more detailed investigation of surfaces of maximal sectional regularity. 

Section 4 '■ We investigate surfaces of maximal sectional regularity of type I. In particular, 
we compute their Betti tables (see Theorem 14.2p and their cohomological Hilbert func¬ 
tions (see Theorem 14.3p . Moreover we show that the special extremal secant locus of such 
surfaces coincides with their extremal locus, and we show that these loci become Veronese 
Surfaces in a projective 5-space under the Pliicker embedding (see Proposition 14.51) . 
Section 5: We study surfaces of maximal sectional regularity which fall under type II. 
We notably investigate the cohomological invariants and the cohomology tables of these 
surfaces (see Theorem 15.21 and Gorollary 15.31) . If X is a variety of maximal sectional 
regularity of dimension n > 2, which falls under type II, the union V := X U F(X) of 
X with its extremal variety F(X) = P*^ c P^ plays a crucial role. As an application of 
Theorem 15.21 we shall establish a lower bound on the number of dehning quadrics of a 
variety of maximal sectional regularity X of type II with arbitrary dimension u > 2 - a 
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bound which is sharp if and only V is arithmetically Cohen-Macaulay (see Corollarv l5.13p . 
Finally, in the surface case, we give a comparison result for the Betti numbers of X and 
V (see Proposition 15.14^ . 

Section 6: We study the index of normality N{X) of a surface X of maximal sectional reg¬ 
ularity which falls under type II. In all examples we found, this index is sub-maximal and 
hence satisfies the inequality N{X) < d — r. In Theorem 16.21 we give various conditions 
which are equivalent to the mentioned sub-maximality of N{X). This sub-maximality 
notably implies that the homogeneous vanishing ideal of the union Y = X U F(X) is 
generated in degrees < d — r + 2. This latter property allows to draw conclusions on the 
geometry of extremal secant lines to X (see Remark 16.3p . We also revisit surfaces of 
degree r -|- 1 in P’' and prove, that two of the eleven cases listed in |B2] and |BS4] may 
indeed not occur, as conjectured (see Remark [6^ . 

Section 1: This section is devoted to examples and open problems. We hrst provide exam¬ 
ples of large families of surfaces of extremal regularity which are not of maximal sectional 
regularity and whose extremal secant locus is of any dimension in the maximally possible 
range { — 1,0,1}. (see Construction and Examples 17.ip . This is of some interest, as the 
paper [GruLPe] let to the expectation that “there are only a few “exceptional” varieties 
of extremal regularity without extremal secant lines”. We also provide some examples 
which make explicit the Betti tables in the case of surfaces of maximal sectional regularity 
which fall under type I (see Example I7.2p . We also suggest a general construction princi¬ 
ple which provides large classes of surfaces of maximal sectional regularity of type II (see 
Construction and Examples 17.31) . We use this principle to produce explicit examples for 
which we compute the Betti tables (see Examples 17.41 1731 and I7.6p . Finally, we give some 
conclusive remarks and suggest a few open problems, which are related to the previously 
mentioned question on the sub-maximality of the index of normality (see Problems and 
Remark 17.7p . 


2. Preliminaries 


The classification of varieties of maximal sectional regularity. Let X C P” be 

a non-degenerate irreducible projective variety of dimension n > 2, codimension c > 3 
and degree d > c -|- 3. We recall the following classification result on varieties of maximal 
sectional regularity, which was established in |BLPS11 Theorem 7.1] 


2.1. Theorem. If either n = 2 or Char(k) = 0, the variety X C P” is of maximal sectional 
regularity if and only if it falls under one of the following two types: 

Type I: c = 3 and X is a divisor of the {n + l)-fold scroll 


W :=S{ 0,...,0 ,1,1,1) C P’^+^ 


(n—2)—times 


with X ^ H + (d — 3)F, where H is the hyperplane divisor ofW and F gW is a 
linear subspace of dimension n. 

Type II: There exists an n-dimensional linear subspace F = P” c P” such that 
X n F C F is a hypersurface of degree d — c + 1. 
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2.2. Remark. The previous classification result allows to conclude that there exist va¬ 
rieties X C of maximal sectional regularity of dimension n, of codimension c and of 
degree d for any given triplet (n, c, d) with n > 2, c > 3 and d > c + 3. 


For the purposes of the present paper, we notice in particular the following result (see 
also jBLPSl[ Theorem 6.3]): 

2.3. Corollary. Let 5 < r < d. Then, a non-degenerate irreducible projective surface 
X C of degree d is of maximal sectional regularity if and only if it falls under one of 
the following two types: 

Type I: r = 5 and X is a divisor of the smooth 3-fold scroll W := S'(l, 1,1) C P^ 
with X ^ H {d — 3)F, where H is the hyperplane divisor of W and F gW is a 
ruling plane. In this case, the surface X is smooth. 

Type II: There exists a plane F = P^ C P^ such that X n F C F is a pure curve 
of degree d — r -\- 3. In this case, the surface X is singular. 

We now introduce the notion of sectional regularity and characterize surfaces of maximal 
sectional regularity by means of this invariant. 

2.4. Remark and Definition. (A) Let X C P^ = Proj(S' := k[a;o,a;i,... ,Xr]) be a non¬ 
degenerate irreducible projective variety of dimension n > 2, of codimension c > 2 and of 
degree d. We introduce the notation 

r 

EI/i := Proj(S'/hS') for all h E Si = with h ^ 0}, 

i=0 

and we define the sectional regularity of X by 

sreg(X) := min{reg(X fl Mh) \ h E Si \ {0}}. 

As the regularity is semi-continuous on hyperplane sections, we can say that 

W(X) := {h E Si \ {0} I reg(X fl Mh) = sreg(X)} is a dense open subset of Si \ {0}. 

Now, there is a dense open subset U C W such that X fl H/j is an integral scheme, and 
we denote the largest of these open sets by I[J(X). 

(B) Now, assume that 4 < r < d and that X C P'’ = Proj(S' := k[a:o,a;i,... ,Xr]) is a 
non-degenerate irreducible projective surface of degree d. In this situation 

Ch ■= X n EI/i is an integral curve of degree d with reg(C/i) = sreg(X) for all h E I[J(X). 

Hence, in particular we see that 

sreg(X) < d — r 3 with equality if and only if X is of maximal sectional regularity. 

Curves of maximal regularity. As the generic linear curve sections of varieties of 
maximal sectional regularity are curves of maximal regularity, it will be useful for us to 
keep in mind the following fact. 

2.5. Proposition. Let r > 4 and let C G be a curve of degree d > r 2 which is 
of maximal sectional regularity, so that reg(C) = d — r 2. Then C admits a unigue 
{d — r -\- 2)-secant line L. Moreover, if d > 3r — 3, then depth(C U L) = 1. 
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Proof. The existence of the {d — r + 2)-secant line L follows from the classification of 
curves of maximal regularity given in |GruLPe] . The uniqueness of the extremal secant 
line L follows by |BS2l (3.1)]. 

Assume now that d > 3r — 3. Note that § := Join(L, C) C is a rational normal 3-fold 
scroll of type 5(0, 0,r — 1) whose vertex 5(0,0) C 5(0, 0,1) equals L. So, in degree 2, 
the homogeneous vanishing ideals Iq and Jg of C respectively of § in 5 := k[xo.Xi,..., 
satisfy the relation 

dimk(/c)2 > dimk(/g)2 = 

Assume now that depth(C U L) ^ 1, so that C U L is arithmetically Cohen-Macaulay. 
Then, by |BS21 Proposition 3.3] it follows that 


r — 2 
2 


dimk(/c-)2 = 


r -|- 1 
2 


— d — 1, whence 


r — 2 


< 


r -|- 1 
2 


— d — 1, 


and this yields the contradiction that d < 3r — 4. 


□ 


Sectionally rational varieties. It is most important, that each variety X of maximal 
sectional regularity is sectionally rational, which means that its general curve section is 
rational. If the general curve section of X is even smooth and rational, we say that X 
is sectionally smooth rational. A particularly interesting property of sectionally rational 
varieties is the fact, that they are birational linear projections of varieties of minimal 
degree. To make this statement more precise, we first give the following definition. 

2.6. Definition and Remark. (A) We define the singular locus of a finite morphism 
/ : X' —> X of noetherian schemes by 

Sing(/) ■.= {x E X \ length(/“^(x)) > 2}. 

Observe, that we also may write 

Sing(/) = Supp((/*C>x0/C’x). 

(B) We say that the finite morphism / : X' —)■ X is almost non-singular if its singular 
locus Sing(/) is a finite set. 

Now, we have the following result (see |BLPS11 Theorem 4.1]). 

2.7. Theorem. Let X C P'’ a non-degenerate irreducible sectionally rational projective 
variety of dimension n > 2 and degree d. Assume furthermore that char(k) = 0 orn = 2. 
Then, we may write 

(a) X = 7rA(X), where X C P'^+”-^ is an n-dimensional variety of minimal degree, 

(b) A = prf+n-i ^ linear subspace with X fl A = 0, 

(c) tta : \ A — > P’’ is the linear projection map from A and 

(d) the induced finite morphism tta : X —)■ X is the normalization of X. 

Moreover, if d> 5, then X is a rational n-fold scroll. Finally, if X is a sectionally smooth 
rational surface, the morphism tta : X —)■ X is almost non-singular. 
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A regularity bound for almost non-singular projections. We know by Theo¬ 
rem 12.71 that sectionally smooth rational surfaces are almost non-singular linear pro¬ 
jections of rational normal scrolls. This will allow us to prove that these surfaces satisfy 
the conjectural Eisenbud-Goto bound. In this subsection, we shall actually prove a much 
more general bounding result for the regularity of almost non-singular linear projections. 

2.8. Definition. (A) Let p E N. The graded ideal I G S := k[a;o,a;i,... ,Xr] is said to 
satisfy the (Green-Lazarsfeld) property N 2 ^p (see [GrL ] ) if the Betti numbers of S/I satisfy 
the condition 

:= /3fj{S/I) = = 0 whenever i < p and j ^ 1, 

- hence if the minimal free resolution of I is linear up to the homological degree p - and 
thus has the form 

... ^ S^^’^{-p - 1) ^ ... ^ ^ ^ 0. 

(B) The closed subscheme Z C is said to satisfy the property N 2 ^p if its homogeneous 
vanishing ideal Iz G S satisfies the property N 2 ,p. 

Now, we may prove the announced regularity bound for almost non-singular projections 
of A 2 ,p-varieties. 

2.9. Theorem. Let r' > r be integers, let X' C P’’" be a non-degenerate projective variety 

of dimension > 2 which satisfies the property N 2 ^p for some p > max{2, r' — r -\- 1}. Let 
A = a subspace such that X' fl A = 0 and let tta : P^' \ A P*" be the linear 

projection from A. Let X := 7rA(X') C P^ and assume that the induced finite morphism 
tta : X' ^ X is almost non-singular. Then 

(a) The homogeneous vanishing ideal Ix G S of X is generated by homogeneous poly¬ 
nomials of degrees < r' — r -\-2. 

(b) reg(X) < max{reg(X'), r' — r -|- 2}. 

Proof. Let Ix' C S' := k[a;o, Xi,..., Xr, x^+i,..., Xr'] = S'[xr+i,..., Xr’] be the homoge¬ 
neous vanishing ideal of X' C P’’ = Proj(S") and let A' := S'fix' be the homogeneous 
coordinate ring of X'. We assume that A = Proj(S''/(a:o, Xi,..., consider A' as 

a finitely generated graded S'-module and set t -.= r' — r. As X' satisfies the condition 
A^ 2 ,p with p > max{2,f -|- 1}, it follows by |AK[ Theorem 3.6], that the minimal free 
presentation of A' has the shape 

5*(-2) ^S®S\-l) 4 A ^ 0 

for some s G N. Moreover, the coordinate ring A = S/Ix oi X is nothing else than the 
image q{S) under q of the direct summand S' C S' © S*(—1). Therefore 

A'/A = Goker {u : ^'*(-2) ^ ^‘(-1)), 

where u is the composition of the map v : S'^(—2) —>■ S' © S'*(—1) with the canonical 
projection map w : S' © S*(—1) -» S'*(—1). Hence, the S-module (A'/A)(l) is generated 
by t homogeneous elements of degree 0 and related in degree 1. As Sing(7rA) is finite, we 
have dim(A'/A) < 1. So, it follows by |GhFNl Gorollary 2.4] that reg {{A'/A){1)) < t — 1, 
whence reg(AYA) < t. Now, the short exact sequence 0 —)■ A ^ A' —)■ A'/A —)■ 0 
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implies that reg(y4) < max{reg(A'),t + 1}. It follows that reg(X) = reg(y4) + 1 < 
max{reg(A') + 1, t + 2} = max{reg(X'), t + 2} = max{reg(X'),r' — r + 2}. This proves 
claim (b). 

To prove claim (a), observe that Ix = Ker(g) fl S occurs in the short exact sequence 

of graded S'-modules 0 —)■ Jx —)■ Im(u) ^ Im(M) —)■ 0, where w \ is the restriction of 
the above projection map w. In particular, we may identify w \ with the canonical map 
S'®(—2)/Ker(n) -» S'^(—2)/Ker(M). It follows, that Ix = Ker(M)/Ker(n). In view of 
the exact sequence 0 —)■ Ker(M) —)■ S'®(—2) A 5'*(—1) ^ A'/A —)■ 0, we hnally get 
reg(Ker(M)) <t + 2 = r' — r + 2. Therefore Ker(M) is generated in degrees < r' — r + 2, 
and hence so is Ix. This proves statement (a). □ 

Extremal secant loci and extremal varieties. In this subsection, we recall a few 
facts on the geometry of proper (d — c + l)-secant lines to a non-degenerate irreducible 
projective variety X C P’' of codimension c and degree d. We also recall the related 
notion of extremal secant locus S(X) of X, that is, the closure of the set of all proper 
{d — c + l)-secant lines of X in the Grassmannian G(l, P’’). 

2.10. Notation and Reminder. (See |BLPS1[ Notation and Reminder 3.1]) (A) Let 
X C P*" be as above and let 

S(X) := {L G G(l, P^) I d — c -1- 1 < length(X fl L) < cxd} 

denotes the extremal secant locus of X. Keep in mind, that setting n := dim(X) = r — c 
we can say (see jBLPSl( Theorem 3.4]) 

dim (E(X)) < 2n — 2 with equality if and only if X is of maximal sectional regularity. 

(B) Keep the above notations and hypotheses and let U{X) denote the largest open subset 
U C G(c -|- 1, P'’) such that 

CA:=XnAcA = P^^^ is an integral curve of maximal regularity for all A G W. 
Observe that 

X is of maximal sectional regularity if and only if tl{X) ^ 0. 

We introduce a subset of the extremal locus of a variety of maximal sectional regularity, 
which reflects in a particular way the nature of these varieties. We use this set to dehne 
the extremal variety of a variety of maximal sectional regularity. 

2.11. Notation and Reminder. (See |BLPS1[ Section 5]) (A) Let the notations and 
hypotheses be as in Notation and Reminder 12.101 and assume that X is of dimension 
n > 2 and of maximal sectional regularity, so that U{X) ^ 0. For all A G W(X) let 
La G L(X) denote the unique (d — c -|- l)-secant line to the curve Ca C A = P'^^^ (see 
Notation and Reminder 12. lOR Bl and Proposition 12.Sp . so that 

La G G(1, P^) with length(CA fl La) = length(X n La) = d — c -|- 1. 

The (d — c -1- l)-secant lines of the form La with A G W(X) are called special extremal 
secant lines, whereas the set 

*E(X) := {La | A G W(X)} C E(X) C G(1,P") 
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is called the special extremal secant locus of X. If n = 1, then 4 < r < d and X C P*' is 
a curve of maximal sectional regularity, and hence admits a unique extremal secant line 
L G G(1,P'’) (see Proposition I2.5p . So, we dehne *E(X) := {L} in this case. 

(B) We dehne the extremal variety and the extended extremal variety of X respectively 
by 

F(X);= IJ La ( C ) F+(X) := (J L. 

Aew(x) Les(X) 

(C) Keep the previous notations and hypotheses, and assume that 5 < r < d. Let 
X C P'’ = Proj [S := k[xo,a:i,... ,Xr]) be a surface of maximal sectional regularity, so 
that c + 1 = r — 1 and sreg(X) = d — r + 3. Then, in the notations of Remark and 
dehnition 12.41 we have 

U(X) = {heSi\ {0} I Proj(^/h^) G W(X)}. 

Moreover, for each h G U(X), the line hh := Le^ is the unique {d — r + 3)-secant line to 
the curve of maximal regularity Ch C Ha, and hence the line dehned by the condition 

La G G(1, P^) with length(CA H La) = length(X fl La) = d — r + 3. 

Now, according to jBLPSH Theorem 6.3] we can say: 

(a) If X is of type I, then the extremal variety F(X) and the extended extremal variety 
F+(X) of X both coincide with the smooth 3-fold scroll W = S'(l, 1,1) C P'’ of 
Corollary 12.31 

(b) If X is of type II, then the extremal variety F(X) of X coincides with the plane 
F = P^ C P'’ of Corollary 12.31 

The following result says that the extremal secant locus and the special extremal secant 
locus of a variety of maximal sectional regularity have the same dimension. 

2.12. Proposition. Let c > 3, let d > c + 3, let n > 1 and X C P^ 6e a non-degenerate 
irreducible variety of dimension n and degree d which is of maximal sectional regularity. 
Then dim (*E(X)) = 2n — 2. 

Proof. As *E(X) C E(X) it follows by the last observation made in Notation and Re¬ 
minder I2.1UI (A) that dim (*E(X)) < dim (E(X)) < 2n — 2. It remains to show, that 
dim (*E(X)) > 2n — 2. 

We proceed by induction on n. If n = 1, then our claim is clear by the dehnition of *E(X) 
(see Notation and Reminder 12.111 (A)). So, let n > 1 and let H = P*"”^ C P*" be a general 
hyperplane. Then X fl H C H is a variety of dimension n — 1, codimension c and degree 
d, which is of maximal sectional regularity. Moreover, each special extremal secant line 
L G *S(X n H) to X n H is a special extremal secant line to X. Therefore, we can say 
that *E(X n H) C *E(X) n G(l, H). 

By induction, we have dim (*E(X fl H)) > 2(n — 1) — 2 = 2?7, — 4. If we apply |BLPS1( 
Lemma 3.2] with T = *E(X) we obtain dim (*E(X)) > dim (*E(X) fl G(1,H)) -|- 2. This 
proves our claim. □ 
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3. Sectionally Smooth Rational Sureaces 

The projecting scroll. In this section we investigate sectionally smooth rational sur¬ 
faces. We do this, because surfaces of maximal sectional regularity are sectionally smooth 
rational. Let us recall hrst, that according to Theorem 12.71 we can say. 

3.1. Corollary. Let X (Z be a non-degenerate irreducible projective and sectionally 
smooth rational surface of degree d with r > 4 and d > r -f-1. 

Then, there exists a unigue non-negative integer a < | such that X = ni^i^X), where 
X = S{a,d — a) C and 

(a) A = P^”'' C is a subspace such that X fl A = 0, 

(b) tta : P'^+^ \ A —)• P*” is the linear projection map from A, 

(c) the induced finite morphism 7 i\ : X ^ X is almost non-singular and coincides 
with the normalization of X, and 

(d) X is smooth (or, eguivalently, a > 0) if and only if X is not a cone. 

3.2. Definition. In the above situation, we call X = S{a,d — a) the projecting scroll 
of the surface X, A C P’’ the projecting center for X and tta : X ^ X the standard 
normalization of X. 

Algebraic and cohomological properties. The precise aim of this section is to inves¬ 
tigate a few algebraic and geometric properties of sectionally smooth rational surfaces, 
which are encoded in Corollary 13.1[ We begin with a few preliminaries. 

3.3. Notation and Reminder. Let X C P^ = Proj(S' := k[a:o,..., x^]) be a non¬ 
degenerate irreducible projective surface of degree d, homogeneous vanishing ideal I C S 
and homogeneous coordinate ring A = S/1. 

(A) (see |BS4] ) For any graded ideal b C := 5"+A and any graded A-module M 

let Di,{M) := lin^ Hom^fb”^, M) denote the b-transform of M, and let (z e No) 

denote the z-th local cohomology module of M, both furnished with their natural grading. 
We usulally will write id*(M) instead of 

Let a C A^ be the graded radical ideal which dehnes the non-Cohen-Macaulay locus 
X \ CM(X) of X. Observe that height a > 2, so that the a-transform 

B{A) := D,{A) = liI^HomA(a^ A) = (J (A ;Q,ot(A) a") = 0 r(CM(Z), Cz(rz)) 

nCN neZ 

of A is a positively graded hnite birational integral extension domain of A. In particular 
R(A)o = k. Moreover B{A) has the second Serre-property 82 - As Proj(R(A)) is of 
dimension 2, it thus is a locally Cohen-Macaulay scheme. 

If is a hnite graded integral extension domain of A which satishes the property 5*2, 
we have A C B{A) C E. So B{A) is the least hnite graded integral extension domain 
of A which has the property 5*2. Therefore, we call B{A) the S 2 -cover of A. We also 
can describe B{A) as the endomorphism ring End(X(A), X(A)) of the canonical module 
X(A) = K^{A) = Ext^-2(A, S{-r - 1)) of A. 

(B) The inclusion map A B{A) gives rise to a hnite morphism 

71 : X := Proj(i?(A)) -» X, with Sing(7r) = X \ CM(X). 
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In particular vr is almost non-singular and hence birational. Moreover, for any finite 
morphism p : Y ^ X such that Y is locally Cohen-Macaulay, there is a unique morphism 
(j : y —)■ X such that p = ttoct. In addition a is an isomorphism if and only if Sing(p) = X\ 
CM(X). Therefore, the morphism tt : X -» X is addressed as the finite Macaulayfication 
of X. Keep in mind, that - unlike to what happens with normalization - there may be 
proper birational morphisms r : Z X with Z locally Cohen-Macaulay, which do not 
factor through vr (see |Bl] h 
(C) We also introduce the invariants 

ea,(X) := \ength{Hl^^{Ox,x)), (x e X closed ) and e(X) := ^ ea;(X). 

closed 

Note that the latter counts the number of non-Cohen-Macaulay points of X in a weighted 
way. Keep in mind that 

e(X) = h\X, OxU)) = h\FfiXx{j)) for all j « 0. 

Now, we are ready to prove the following result on sectionally smooth rational surfaces. 


3.4. Theorem. Let X G be a non-degenerate irreducible projective and sectionally 
smooth rational surface of degree d with r > 4 and d>r + 2. Then it holds 

(a) reg(X) < d — r 3. 

(b) Reg(X) = Nor(X) = CM(X). 

(c) The homogeneous coordinate ring of the projecting scroll X C is the S 2 - 

cover B{A) of the homogeneous coordinate ring A of X C and the standard 
normalization tta : X —)• X is the finite Macaulay fication of X. 

(d) If e{X) = 0, then h‘^(F^,Xx{j)) = 0 for all j G Z. If e{X) 7 ^ 0, then 


h\FfiXx{j)) 


We(X) 

= e(X) + h\F\Xx{l)) + r-d-l 
< < max{ 0 , h^(P’',Xx(j — 1 )) — 1 } 


< 1 
.= 0 


for all j < 0 ; 
forj = 1 ; 
for all j > 1 ; 
for j = d — r] 
for all j > d — r -\-1. 


(e) h^fFfiXxij)) = h‘^{X,0^{j)) for all j E Z, thus 


h^FfiXxU)) 


for all J < -2, 
0 for all j > — 1 . 


Proof, (a): The projecting scroll X C P'^+^ satishes the conditions N 2 ^p for all p E N, so 
that reg(X) = 2. Therefore, by Theorem 12.91 we get reg(X) < {d — 1) — r + 2 = d — r-\-3, 
and this proves our claim. 

(b): As X is a surface, we have Reg(X) C Nor(X) C CM(X). Therefore, it suffices to 
show that CM(X) C Reg(X). 

So, let X E CM(X) be a closed point. We always write vr := tta. Then is a 

hnite integral extension domain of the local 2-dimensional CM ring (Ox,x,'^x,x)- As the 
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morphism vr : X —)■ X is almost non-singular, the finitely generated Ox,x-^odn\e 

((tt.OO/Oa-). = {ii, 0 ^)J 0 x.r 

is annihilated by some power of vcix^x and hence contained in the local cohomology module 
^{Ox,x)- But this latter module vanishes because Ox^x is a local CM-ring of dimension 
> 1. This shows, that x ^ Sing(7r). 

But this means, that x has a unique preimage x & X under the morphism tt and that 

Assume now, that x ^ Reg(X). Then x ^ Reg(X). This means that X C P‘^+^ is a 
singular 2-fold scroll with vertex x. But this implies that the tangent space Tx{X) of X 
at X has dimension d-|-1. In view of the above isomorphism, we thus get the contradiction 
that the tangent space T 3 .(X) of X C P’’ at x has dimension d-l-l. This proves that indeed 
X e Reg(X). 

(c) : Let E denote the homogeneous coordinate ring of the projecting scroll X C P'^+^. As 
if is a CM ring, we have canonical inclusions of graded rings 

ACB{A)=[J(A •Quot(A) Cl ) C if 
nGN 

(see Notation and Reminder 13.31 (A)). Keeping in mind statement (b) and observing that 
the projection morphism tta : X —> X provides the normalization of X, we thus get 

Proj(A/a) = X \ CM(X) = X \ Nor(X) = Sing(7rA) 

and hence E C UnGN(^ :Quot(A) ex"") = B{A). Therefore E = B{A) and statement (c) is 
shown. 

(d) : Let B := B{A) as above, let D := Da+{A) and consider the short exact sequence of 
graded S'-modules 

0 —y D —y B —yC —^0. 

Observe that dim(C) < 1, depth(C') > 0 and that C = E := iT^^O^jOx, so that 

dimk(iiA+(C')j) = e(X) for all j G Z. 

As if is a Cohen-Macaulay module of dimension 3, we have 

H^{F\Ix) = H^{A) ^ H\D) ^ H\C) = Da+{C)/C. 

Hence, if e(X) = 0, we have indeed h^(P’',Xx(j)) = 0 for all j G Z. 

So, let e(X) > 0. As Cj = 0 for all j < 0 we get that h?{F'^\Xx{j)) = e(X) for all 
j < 0. As dimk(iii) = r+ l + h^{F\Xx{X)), we have dimk(Ci) = dimk(Ri) -dimk(iii) = 
d + 2 — {r + 1 + ,Xx{B))) and hence 

h\W,Xx{l)) = dimk(iiA+(C')i) - dimk(C'i) = e(X) - dimk(C'i) = 

= e(X) - h\W,Xx{l)) +r-d-l. 

Observe that C is a Cohen-Macaulay module of dimension 1. Moreover, the regularity of 
B as an A-module and as a R-module take the same value reg(if) = reg(X) — 1 = 1, so 
that the A-module B is generated in degree 1. Therefore, the A-module C is generated 
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in degree 1, and hence diniij(if^(C)j) < niax{0, dinik(if^(C)j_i) — 1} for all j > 1 (see for 
example |BS1] 1. Therefore we get indeed h^(P’',Xx(j)) < max{0, h^(P’',Xx(j — 1)) — 1} 
for all j > 1. 

By statement (a) we have ,Xx{j)) = 0 for all j > d — r + 1. 

Finally, let us consider the exact sequence 

0 —)■ Xx(—1) —> Xx —)■ Xc —> 0, 

where C = X fl El (H G G(r — 1,P’’)) is a general hyperplane section of X. As C C 
H = is a smooth rational curve of degree d, we have h^(P’'“^,Xc(l)) = d — r + 1 and 
hi(P^“i,Xc(j + 1)) < max{0, h^(F^~^,Xc{j)) — 1} for all j > 1, so that h^(P’’“^,Xc(d —r + 
1)) < 1. Applying the above exact sequence and keeping in mind that h^(P^,Xx(d — r + 
1)) = 0 we get h^(P’',Xx(d — r)) < 1. and this proves our claim. 

(e): Let the notation be as above. As the sheaf X := Ti^Oj^/Ox has finite support, the 
sequence 

0 —)■ Ox —t Ti-fO^ —)■ J- —)■ 0 

together with the well known formulas for the cohomology of a rational surface scroll 
yields that 

f {j+l){dj+2) 

h\F^,Xx{j)) = h\X,Ox{j)) = h\X,0^{j)) = 1^ 2 

This proves statement (e). □ 

Local properties. Finally, we want to give the following result, in which mult^(X) is 
used to denote the multiplicity of the noetherian scheme Z at the point z E Z. 

3.5. Proposition. Let X <zF'^ he a non-degenerate irreducible projective and sectionally 
smooth rational surface of degree d with r > 4 and d > r + 2. Let n = : X ^ X be the 

standard normalization of X. Then it holds: 

(a) If X E Sing(X), then 2 < length(7r“^(a;)) < max{multa;(X), ea;(X) + 1}. 

(b) //IK G G{k, P*") with 0 < / < r — 1 and dim(X fl IK) < 0, then 

length (Reg(X) fl IK) + 2#( Sing(X) fllK) <d — r + / + 2. 

(c) //L G G(1,P'’) is a proper extremal secant line to X with X n L C Reg(X), and 
X G Sing(X), then dim(X Pi (x, L)) = 1. 

Proof, (a): Indeed, as x is an isolated point of Sing(X) = Sing(7rA) and as X is a 
Cohen-Macaulay surface, the semilocal ring := is a Cohen-Macaulay 

hnite integral extension domain of the local ring Ox,x and ^{Ox,x) — O^ ^IOx,x- As 
7r“^(x) = Oji^lx(\.x,xOj^^ our claim follows easily. 

(b): Let IK' := (7r)^)“i(IK) G G(d — r -|- fc -|- 1, P'^+i) be the closed preimage of IK under the 
linear projection tt^ : P*^^^ \ A -» P’’. Then X fl IK' = TT ^ (X n IK) , and so the morphism 
TT : X -» X induces an isomorphism 

vr (: X n K' \ [7r-^(Sing(7r) n K)] ^ X n K \ (Sing(7r) n K) = Reg(X) n K. 
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Moreover X fl IK' is of dimension < 0. As X C is a surface scroll and IK G G{d — r + 
k + 1, we get that lengtli(X fl IK') <d — r + k + 2. Now, our statement follows by 

the hrst inequality of statement (a). 

(c): Observe, that IK := (a:,L) is a plane. Assume that dim(X 0 IK) <0. Then, by 
statement (b) we get 

d — r + 5 < length(X fl L) + 2 < length(Reg(X) fl IK) + 2#(Sing(X) fl IK) < d — r + 4. 
This contradiction proves our claim. □ 

4. SUREACES OE TYPE I 

The Betti numbers. In this section we study the surfaces which fall under type I of 
our classihcation. We begin by investigating their Betti numbers. 

4.1. Convention and Remark. (A) Let X C denote a projective surface contained 
in a smooth rational three-fold scroll in P^, hence that 

X C IT := R(l,l,l) C P^ 

We assume furthermore that the divisor X C IT satishes 

X ^ H + {d — 3)F for some d > 5, 

where id is a hyperplane section and F is a plane of IT. Then it is easy to check that 

deg(X) = d and reg(X) = d — 2. 

(B) With the dehnition of the Betti numbers and the Betti diagram we follow the 
notations suggested by D. Eisenbud (see 0)- So, if Z C P'" is a closed subscheme, with 
homogeneous vanishing ideal C S' := Ik;[xo, ..., and homogeneous coordinate 
ring Az := S'//^, we write 

= l3i,j{Z) := dimk(Torf (k, Az)i+j) for all i G Nq and all j G Z. 

As usually, if Z is non-degenerate, we list this numbers only the range l<i<r-|-l — 
depth(Z) and 1 < j < reg(Z) 

4.2. Theorem. In the previous notation we have the following Betti diagram of X 


i 

1 

2 

CO 

4 

5 

A,i 

3 

2 

0 

0 

0 

A,2 

0 

0 

0 

0 

0 

fdi^d—A 

0 

0 

0 

0 

0 

fdi,d-3 

(di,d-3 

A,rf-3 

A,d-3 

A,d-3 

A,d-3 


with the following entries 

l3i,d-3 = ^ 2 ^ ’ (^2,d-3 = 2(d — l)(d — 3), (33^d-3 = 3(d^ — 5d -|- 5) 


/^ 4 ,d -3 = 2(d-2)(d-4) and /i5,d-3 = 


d-3 
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Proof. As in Convention and Remark 14.11 (A), we put W = and denote the 

coordinate rings of X and W by Ax and A^/ respectively. Then there is a short exact 
sequence 

0 —>■ Ix /Iw A\y —)■ Ax 0 

of graded S'-modules, where Iw denotes the dehning ideal of hh C P^. In a first step we 
compute the Hilbert series 

H{Ix/Iwi t) = dimt[Ix/Iw]n • 

riEZ 

of Ix/Iw- By applying sheaf cohomology to the corresponding short exact sequence 
0 — Xx/lw Ow —t Ox —t 0 we obtain an isomorphism 

[Ix/Iw]n = H%W, Ow(-X + nil)) - II°(W, Ow((n - 1)11 - (d - 3)F)). 


Therefore, it follows that 

dvc[y^[IX / Iw]n 


{n — d + 3) if n > d — 2 
0 if n < d — 2 


As an application to the Hilbert series H{Ix/IwA) it turns out that 

The formula for the expression of the generating function as a rational function might be 
proven directly or by some Computer Algebra System. The Hilbert series of Ay is given 
by H{Aw, t) = {1 + 2t)/(l — t)^. By the above short exact sequence of graded modules it 
follows that 

H(.Ax, t) = 2 ■ C 2 

As a consequence of [El Remark 4.8 (2)] the Betti diagram of X now must have the shape 
as indicated in the statement. In particular the first row has the stated form. For the sake 
of simplicity, we put (li^d-z = A A = Then by the additivity of the Hilbert series 

on short exact sequences of graded S'-modules the Betti diagram implies the following 
form of the Hilbert series H{Ax,t) 

H{Ax, t) = (1 - 3f - + 2f3 + + / 34 A+' - • 

By comparing both expressions for our Hilbert series we obtain the desired values for the 
remaining Betti numbers. □ 


Cohomological properties. We now provide a result which summarizes some cohomo- 
logical properties of surfaces of type I. It is worth noticing that in this case the values for 
the sheaf cohomology of Ox and Xx, and hence also the index of normality 

N{X) := sup{j G N I h\W,Xx{j)) A 0} (g NU {-cx)}) 
of X are completely determined. 
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4.3. Theorem. With the previous notation there are the following equalities for the coho¬ 
mology: 

(a) /i^(P^,Xx(j)) = (■^ 2 ^) {d — j — 3) for I < j < d — 4 and zero else. 

(b) h^lx, Ox{j)) = l/2(j + l)idj + 2) for all j >0 and zero else. 

(c) h\X, Ox{j)) = 0 for all j G Z. 

(d) h\X, Oxl—j)) = l/2(j — l){dj — 2) for all j > 2 and zero else. 

Proof. We start with the proof of (a), using the notations introduced in Convention and 
Remark ITTl Clearly ,Xx{j)) = 0 for all j < 0. So let j > 1. Then we use the short 
exact sequence 

0 —>■ ^ Xx —^ — X^ —>■ 0. 

Since W is arithmetically Cohen-Macaulay, this sequence yields that iJ*(P^,Xvi/(j)) = 
0 for i = 1, 2 and all j G Z. Therefore the long exact cohomology sequence induces 
isomorphisms i/^(P^,Xx(j)) = H^{W,Ow{jH — X)) for all j G Z. Because of X 
H {d — 3)F it follows that 

h\F\Xx{j)) = h\W, OwiU - l)H -{d- 3)F) = (^ 2 0 ^ ^ 

By duality we get h^(P\ C>pi(j -|- 2 — d)) = h°(P\ Opi{d — j — 4)). This proves statement 
(a). 

Because of h^(P®,Xx(l)) = d — 4 (as shown in (a)) and because of deg(X) = d, the 
linearly normal embedding of X implies that X C P^ is isomorphic to the linear pro¬ 
jection of a smooth rational normal surface scroll X C As a consequence we have 

d/*(X, Ox{j)) — H^iX, Ox{j)) for all i,j G Z. Since X is arithmetically Cohen-Macaulay 
this yields statement in (c). 

The Hilbert function 

j ^ hA-U) := dimk[A^]j = h°(X, C>^(j)) 

of the coordinate ring is given by l/2(j -|- l)(dj -|- 2), and this proves statement (b). 
By interchanging j and —j this provides also the proof of the statement in (d). □ 

The extremal secant locus. Now, we consider the (special) secant locus of a surface 
of type I. We hrst give the following auxiliary result, which shall be of use for us again 
later. 

4.4. Lemma. Let s > 1, let C d P'^ he a closed subscheme of dimension 1 and degree d 
and let El = P'^“^ c P^ a hyperplane. Then 

length(C n El) > d with equality if and only if Assc{Oc) fl El = 0. 

Proof. Let R = k©Ri©i? 2 ® • • • = k[Ri] be the homogeneous coordinate ring of C and let 
/ G be such that C fl El = Proj(i?//i?). Let IpR^t) = dt + c he the Hilbert polynomial 
of R. Then, the two exact sequences 

0 ^ fR^ R^ R/fR ^ 0 and 0 ^ (0 :r /)(-!) ^ R{-1) fR^O 

yield that the Hilbert polynomial of R/fR is given by 

HR/fRit) = d + id(0:^/)(f - 1). 
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Observe that the polynomial — 1) vanishes if and only if (0 f)t = 0 for all 

f S> 0, hence if and only if 

Si U p. 

peAss(i?)\{_R+} 

Bnt this latter condition is eqnivalent to the reqnirement that Ass(C) 0 El = 0. □ 

4.5. Proposition. Let X be a surface of maximal sectional regularity of degree d > 5 
which is of type I. Then, in the notations of Convention and Remark \4J\ we have: 

(a) F+(X) = F(X) = W = 5(1,1,1). 

(b) *S(X) = E(X). 

(c) The image ^jJ(E{X)) ofE{X) under the Pliicker embedding f) : G(1,P^) —)■ is 

a Veronese surface in a subspace P^ C P^^. 


Proof. Statement (a) is a restatement of Notation and Remark 12.111 (C)(a). 

(b), (c): We identify 5(1, 1,1) = W with the image of the Segre embedding a : P^ x P^ — 
P®. Consider the canonical projection 

yj : P^ X P^ -» P^ and its restriction 99 I": X ^ P^. 


Let 

0 := {P^ X {g} I g G P^} C G(1,P^) 

denote the closed snbset of all hbers under the canonical projection P^ x P^ -» P^, hence 
the set of all line sections of (p. 

Fix a closed point p G P^. Then, the fiber p>~^{p) = {p} x P^ =: P^ is a ruling plane 
of W. As X is smooth (see Corollary 12.3p and hence locally Cohen-Macaulay, the fiber 
(p = X C = X n Pp is of pure dimension 1 and has no closed associated 

points. Therefore length(X fl L) = deg(X n P^ for all lines L C P^ not contained in X 
(see Lemma [4.4p . Consequently, if P^ would contain a proper extremal secant line to X, 
the curve X fl P^ C P^ would be pure and of degree d — 2, so that X would be of type 
11. This contradiction shows, that no proper extremal secant line to X is contained in a 
ruling plane P^. Hence each proper secant line to X must be a line section of W. 

As 0 C G(1,P^) is closed, it follows that *E(X) C E(X) C 0 , so that hnally'0(*L!(W)) C 
'0(E(X)) C -0(0). Standard arguments on Pliicker embeddings show that -0(0) is the 
Veronese surface in some subspace P® C P^^. As *S(X) is of dimension 2 (see Proposi¬ 
tion [ 2 T 2 ]), as - 0 ( 0 ) is irreducible and as -0 is a closed embedding, statements (c) and (b) 
follow. □ 


5. Surfaces of Type II 

The cohomological aspect. In this section, we investigate the surfaces of maximal 
sectional regularity which fall under type 11. For the whole section we make the following 
convention. 

5.1. Convention and Notation. Let 5 < r < d and let X C P^ be a surface of degree d 
and of maximal sectional regularity of type II which is not a cone. Set Y := XUF, where 
F = F(X) = P^ denotes the extremal plane of X. Moreover, let I and L respectively 
denote the homogeneous vanishing ideal of X and of F in 5 = k[a:o, a:i,..., x^]. 
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5.2. Theorem. Let the notations and hypotheses be as in Convention and Notation \5.1[ 
Then the following statements hold 

(a) (1) reg(X) = — r + 3 and e(X) > ("^” 2 ^^)- 

(2) h^ ,Xx{j)) = 0 for all j < 1. In particular X is linearly normal. 


(3) h\FCIx{j)) 


(=e{X) 

= e(X) + r — d — 1 

<ma.x{0,h\F^,IxU-l))-l} 
= 1 
= 0 


for all j < 0; 
forj = 1; 
for all j > 1; 
for j = d — r] 
for all j > d - 


r + 1. 


(4) h^{F^,Ix{j)) 


^fj < _2, 

0, ^fJ > -1. 


(b) (1) reg(y) < d — r + 3. 

(2) HI{F\Iy) = HI{F^,Ix). 

(3) /i^(P’’,Xy(j)) = h'^{F^,Xx{j)) — max{0, (“■^’*’ 2 ”^'''^)} J ^ 0- particu¬ 

lar /i2(P^,Xy(l)) = e(X) - ('^-^+2) and h^F^^Xyid - r)) = 0. 

(4) /;,^(P’’,Xy(j)) > /i^(P^,Xy(j — 1)) for all j < 1, with equality for j = 1. 

(5) K^{F\Xy{j)) < max{0,/i2(p^,Xy(j _ 1 )) _ 1 } for ally > 1. 

( 6 ) h\F%XY{])) = 0 for ally > 0 . 

(7) ///i2(P",Xy) = 0, then h^F^Xyiy)) = 0 for ally G Z. 

(c) For the pair t{X) := (depth(X), depth(F)) we have 

(1) t{X) = (2,3) z/ r + 1 < d < 2r — 4; 

(2) r(X) e {(1,1), (2, 2), (2, 3)} z/ 2r - 3 < d < 3r - 7; 

(3) r(X)e{(l,l),(2,2)}z/3r-6<d. 

(d) /z°(P'’,Xx(2)) > ( 2 ) — d — 1 with equality if and only z/r(X) = (2,3). 


As an immediate application, we get the following information on the cohomology tables 
of the sheaves of vanishing ideals Xx,Xy C Opr of X and Y. 


5.3. Corollary. Let X andY be as above. Then the ideal sheaves Xx,Xy C Opr of X and 
Y have the following cohomology tables: 


j 


-2 

-1 

0 

1 

2 


X — 1 

X 

X + 1 

X + 2 




0 

0 

0 

0 

* 


* 

* 

* 

0 


~hW^x^ 


e 

e 

e 

e —X — 1 

* 


* 

1 

0 

0 




* 

0 

0 

0 

0 


0 

0 

0 

0 



and 


J 


-2 

-1 

0 

1 

2 


X — 1 

X 

X + 1 

X + 2 




0 

0 

0 

0 

* 


*■ 

* 

*■ 

0 


/z2(P’-,Xy(j)) 


e 

e 

e 

o-rr) 

* 


*■ 

0 

0 

0 


~hW^x^UW 


*■ 

* 

0 

0 

0 


0 

0 

0 

0 



where >c := d — r,e := e(X) and * stands for non-specified non-negative integers. 
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An auxiliary result. Before we establish Theorem 15.21 we prove the following Lemma. 

5.4. Lemma. Let the notations and hypotheses be as in Convention and Notation 15. 1\ In 
addition let C \= X r\¥. Then the following statements hold. 

(a) Each line L C F which is not contained in X, satisfies 

length (C n L) = length (A flL) = d — r + 3. 

In particular, C G ¥ is a curve of degree d — r + 2 and has no closed associated 
points. 

(b) Id-r +3 \ / n L 7 ^ 0 and for each f G Id-r +3 \ I C L it holds I = {I D L, f) 

Proof, (a): First let h G U(X). Then L/j C F and 

length(C n L/i) = length(A fl h^) = length(C/i fl h^) = d — r + 3. 

This shows, that C C F is a closed subscheme of dimension 1 and degree d — r + 3. Now, 
let L C F be an arbitrary line which is not contained in A. As C C F is of dimension 
1 and of degree d — r + 3 we have length(A fl L) = length(C n L) > d — r + 3. As 
reg(A) < d — r + 3 (see Theorem 13.41 (a)) we also have length(A fl L) < d — r + 3, so that 
indeed length(A fl L) = d — r + 3. Now, it follows by Lemma [4.41 that C has no closed 
associated point. 

(b): According to statement (a), there is a homogeneous polynomial g G Sd-r+3 \ L such 
that the homogeneous vanishing ideal (/ + C S' of C in S' can be written as {L,g). 
In particular we have I<d-r +2 C L. As reg(A) = d — r + 3, the ideal / C S is generated 
by homogeneous polynomials of degree <d — r + 3. As g ^ L ii follows that Id-r +3 is 
not contained in L and hence that I + L = [L, f) for all / G Id-r+3 \ d H L. Therefore 
/ = J n (/ + L) = / n (L, /) = (/ n L, /) for all such /. □ 

Proof of Theorem 15.21 , (a)(1): Since A admits (d—r+3)-secant lines, we have reg(A) > 
d — r + 3. On the other hand, reg(A) < d — r + 3 by Theorem 13.41 (a). This proves the 
stated equality for the regularity. For the moment, we postpone the proof of the stated 
estimate for the invariant e(A). 

(a)(2); It is obvious that h^{¥'',Xx{i)) = 0 for all j < 0. Assume d^(P’’,Xx(l)) > 0. 
Then A is a regular projection of a surface X' C Note that X' is again a sectionally 

smooth rational surface and hence reg(A') < d — r + 2 by Theorem Id.df a). On the other 
hand, the preimage C' of C = A O F under this regular projection is a plane curve of 
degree (d — r + 3), and hence reg(A') > d — r + 3. This contradiction proves our claim. 

(a) (4): See Theorem 13Of el 

(b) (4) and (b)(6): Let h G U(A) and consider the induced exact sequence 

0 —)■ Xy(—1) —)■ Xy —)■ Xc^uL^ 0 

Keep in mind that id^(P’',Xc^uL^(j)) = 0 for ah j < 1 and = 0 for all 

J > 1 by |BS2l Proposition 2.7(c),(d)]. Both claims now follow easily. 

(b)(5): Assume again that h G U(A) and keep in mind that S/{I O X, is the homo¬ 
geneous coordinate ring of Ch U hh in S. By |BS2l Remark 3.2 B)] the graded S'-module 

H\.s/(lnL,hr') = 0/f‘(PMc.uL.W) 
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is generated by homogeneous elements of degree 2. Now, the induced exact sequences of 
local cohomology modules 

n L, H^{s/i n L){-i) A H^{S/i n L) ^ H^{s/{i n l, 

proves claim (b)(5), since the multiplication map -h is an epimorphism in all positive 
degrees and its kernel is generated by homogeneous elements of degree 2 . 

(b)(7): This is an immediate consequence of (b)(4) and (b)(5). 

(b)(2): Keep in mind that 

Hi{¥%Xx) = H\S/I) and i^:(P^Xy) ^ H\S/I n L) for z = 1, 2, 3. 

According to Lemma I5.4f b) we have an exact sequence 

0 ^ {S/L){-d + r-X) ^ S/lnL^ S/I 

Claim (b)(2) now follows immediately, since H^{{S/L){—d + r — 3)) vanishes for z = 1, 2. 

(a) (3): For all j 7 ^ d — r the values of /i^(P’',Xx(j)) are as requested by statement (a)(2) 

and by Theorem 13.41 fd). Observe that h^(P’’,Xx(d — r)) < 1 by Theorem 13.41 fdh So, it 
remains to show that ,Xx{d — r)) 7 ^ 0. This follows from the exact sequence 

H\S/I)d-r H^{S/L)_, = k H%S/I n L),_r = 0. 

(b) (3):The hrst part of this claim follows immediately by (b)( 6 ) and the exact sequence 
used in the proof of (b)(2). Now, the second part of (b)(3) comes immediately from (a)(3). 

(b) (1): The required vanishing conditions 

/z*(P^,Xy(d — r + 3 — z + /c)) = 0 for z = 1, 2, 3 and all /c > 0 
are obtained respectively by (a)(1), (b)(2), (b)(3) and (b)( 6 ). 

Finally, the inequality for e(X) stated in (a)(1), follows from (b)(3) applied with j = 1. 

(c) : By (a)(3), we know that depth(X) < 2. Also (b)(2) implies that, if depth(X) = 1 
then depth(y') = 1 and, if depth(X) = 2 then depth(y) = 2 or 3. Thus we need only to 
show (c)(1) and (c)(3). If d < 2r — 4 = 2(r — 1) — 2, then UL/j is arithmetically Cohen- 
Macaulay by |BS2[ Proposition 3.5]. Thus we have depth(K) = 3 and hence depth(X) = 2. 
On the other hand, if d > 3r — 6 , then depth(C/i U L/^) = 1 by Proposition 12.51 and hence 
depth(K) < 2. Therefore either t{X) = (1,1) or r(X) = (2,2). 

(d) : Since X is linearly normal we have h°(P’’,Xx(2)) = h°(P’'“^,Xc^(2)). Moreover, by 
|BS2l Proposition 3.6], we have 

h°(r-\Xc,(2))> ( 2 ) -<*-1 

where equality holds if and only if Ch U is arithmetically Cohen-Macaulay, or equiv¬ 
alently, if and only if depth(y) = 3. Finally, we know by (c) that depth(y') = 3 if and 
only if t{X) = (2,3). This completes the proof. □ 

Simplicity of the socle of the second cohomology. As a hrst application and ex¬ 
tension of Theorem 15.21 we show that (in the previous notation) the vanishing condi¬ 
tion h^(P’’,Xy) = 0 which occurs in statement (b)(7) of that Theorem is equivalent 
to the simplicity of the socle of the second total cohomology module id^(P^,Xx) = 

To formulate our result, we recall the following notation. 














20 


MARKUS BRODMANN, WANSEOK LEE, EUISUNG PARK, PETER SCHENZEL 


5.5. Notation and Reminder. Let T = be a graded S'-module. Then, we 

denote the socle of T by Soc(T), thus: 

Soc(T) := (0 :t S+) = Honi 5 (k,T) = Honi 5 (^/^+,T). 

Keep in mind that the socle of a graded Artinian S'-module T is a k-vector space of hnite 
dimension which vanishes if and only if T does. 

5.6. Proposition. Let the notations and hypotheses be as in Convention and Notation \5.1[ 
Then following statements are equivalent: 

(i) e(X) takes its minimally possible value 

(ii) h2(P'',Xy) = 0. 

(hi) h^FCIvU)) = 0 for all j G {0,1, 2 ,..., d - r - 1}. 

(iv) h2(P’-,Xy(j)) = 0 for ally G Z. 

(v) h^{W,Ix{j)) = for all j G {0,1, 2,..., d - r}. 

(vi) h‘^{F^,Ix{j)) = max{0, } for all j > 0. 

(vii) dimk(Soc(id2(pr-^Xx))) = 1. 

Proof. Indeed, the equivalences (i) (ii) (hi) (iv) (v) (vi) follow by Theo¬ 
rem [521 It remains to show the equivalence (iv) (vii). Consider the exact sequence of 
graded S-modules 

0 -^R2(P^Xy) -^R2^P^Xy) ^R3(P^XF(-d + r-3)). 

As 

Soc(id3(p-,XF(-d + r-3))) =k(d-r), 

/i^(P’',Xy(j)) = 0 for all j > d — r, and 

h^F^Ixij)) = 0 for all J > d - r + 1 

we get an isomorphism of graded S-modules 

Soc(W;(V\Iy)) ^ Soc(ff2(PMx)) 

From this isomorphism, we see that 

R2(p-,Xy) = 0 if and only if Soc{H^,{F\Ix))= 0. 

By Theorem 15.21 (b)(7) the module id^(P’’,Xy) vanishes if and only if the number 
h^(P’’,Xy) does. So, condition (iv) holds, if and only if Soc(id^(P’’,Xx)) is concen¬ 
trated in degrees > d — r. By Theorem 15.21 (a)(4) this is the case if and only if condition 
(vii) holds. □ 

5.7. Remark. (A) If the above equivalent conditions (i) - (vii) hold, we must have 

t(X)6{(1,1),(2,3)}. 

Moreover t{X) = (2,3) implies the above equivalent conditions (i) - (vii). 

(B) Observe, that the above minimality condition (i) describes a generic situation. So, 
it is noteworthy that the simplicity of the socle of H^{F^,Xx) occurs in the generic situ¬ 
ation, too. Below, we shall see, that in such a generic situation, a number of additional 
conclusions may be drawn. 
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5.8. Corollary. Let the notations and hypotheses be as in Convention and Notation \5.1[ 
Then, the following statements hold: 

(a) h\¥CXx{2)) < /^0(P^Xx(2)) -Q+d+l. 

(b) If the equivalent conditions (i)-(vii) of Proposition \5M hold. the S-module Hi ,Xx) 

is minimally generated by ,Xx{2)) — Q + d + 1 homogeneous elements of 
degree 2. 

Proof. In view of Theorem I5.2f bl (2) we may replace X by Y. We choose h G U(X) and 
apply cohomolgy to the induced exact sequence of sheaves 

0 —)■ Xy( —1) —)■ Xy —)■ Xc^uL^ —)■ 0 
in order to end up with an exact secuence of graded S'-modules 
0 ^ Hl{F\XY)/hHl{F\XY) ^ Hl{Uh,Xc,ui.J ^ 

(a) : By Proposition 3.6 of [BS2] . the S'-module if^(EI/i,Xc^uLh) is minimally generated by 

Q +rf+l 

homogeneous elements of degree 2. As X is linearly normal, we have h^{M.h,Xcf^{2)) = 
h^{F^,Xx{2)). Now, our claim follows immediately. 

(b) : By our hypothesis, the third module in the above sequence vanishes. Now, we get 

our claim by Nakayama. □ 

5.9. Corollary. Let the notations and hypotheses be as in Convention and Notation \5.1\ 
Then, the following statements hold: 

(a) For all j G No we have 

h°(X, OxU)) = 2 + J + 1 + hyr.IxU)) - e(X). 

(b) If the equivalent conditions (i)-(vii) of Proposition 13761 hold, then 

(+J + 1+ - tT") forO<J<d-r, 

h%X,Oxij)) = \ 

+ ford-r<j. 

Proof, (a): Once more, let B be the homogeneous coordinate ring of the projecting scroll 
X C of X, let D := Da+{A) = r*(X, Ox) be the A+-transform of A and consider 
the short exaxt sequence O^D^B^C^Oin which C is a one-dimensional 
Cohen-Macaulay module of dimension 1 with 

dimk(Cj) = e(X) — h^(P^,Xx(j)) for all j G Z. 

As 

dimk{Bj) = xiOxij)) = + J + 1 for all j G No, 

we get our claim. 

(b): This follows immediately from statement (a) bearing in mind the values of e(X) and 
of h‘^(F^,Xx{j)) imposed by the conditions (i) and (vi) of Proposition 15.61 □ 
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The second deficiency module. We first remind the notion of deficiency module. 

5.10. Reminder. Let A be the homogeneous coordinate ring of the surface X C P^, let 
M be a finitely generated graded A-module and let i G Nq. Then, the i-th deficiency 
module of M is defined by 

KfiM) := Ext^-*+^(M, S{-r - 1)) ^ 

where := *Homt(«,k) denotes the (contravariant exact) graded Maths duality functor. 
The module is called the canonical module of M. 

In this subsection, we are interested in the second deficiency module 

K^{A) = Ext^-^(y4, S{-r - 1)) = H^{AY 

of the coordinate ring A of X and its induced sheaf 

KY := X^). 

5.11. Proposition. Let the notations and hypotheses be as in Convention and Nota¬ 

tion 15. il Let TT = tta : X -» X &e the standard normalization of X. Let B be the 
homogeneous coordinate ring of the projecting scroll X C let D := — 

r*(X, Ox){^ B) and set B ;= 7r*(C>j^)/C>x = BjD. Then, the following statements hold: 

(a) K‘^{A) = K^{B/D) is a Cohen-Macaulay module of dimension one, and 

(1) reg(X2(y4))^0; 

( 2 ) 

(b) For each closed point x E X, the stalk Xxx of at x coincides with the first 
deficiency module K^{Ox,x) = Ext^^^(C>x,x, Clp’-.x) of the local ring Ox,x of X at 
X. In particular 

(1) lengthen = e 3 ;(X) for all closed points x G X; 

(2) Supp(X^) = Sing(X); 

(3) lengtho^(X^) = e(X). 

(c) If the eguivalent conditions of Proposition 15.51 hold, then K^{A) = S/J{d — r), 
where J G S is a saturated graded ideal such that: 

(1) J + L C J; 

(2) reg(J) = d - r + 1; 

(3) J is minimally generated by L and d — r + 2 forms of degree d — r + 1. 

(d) If the eguivalent conditions of Proposition 15.61 do not hold, then the S-module 
K‘^{A) is minimally generated by one element of degree r — d and some additional 
elements of degrees > r — d. 

Proof, (a): Let C ■.= B/D. As seen in the proof of Theorem 13.41 (d) we have 

H\A) ^ ^ H\C), dZ(c) = C = X and Da^C) = R(X,X). 

Applying the functor to the first isomorphism, we get K'^(A) = K^{C) = K^{B/A). 
As C* is a Cohen-Macaulay module of dimension 1, so is its canonical module K^{C). 
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To prove claim (1), keep in mind that K^{A) is a Cohen-Macaulay module of dimension 
1, so that indeed 

Teg{K‘^{A)) = end{Hi{K‘^{A))) + 1 = sup{j e Z | dimk(it'^(y4)j_i) < dimk(it'^(y4)j)} + 1 
= sup{j e Z I dimk(i7^(A)_j+i) < dimk(if^(A)_j)} + 1 = -1 + 1 = 0. 

To prove claim (2), we apply the Maths duality functor to the short exact sequence 
0 —)■ C — Da+{C) — H‘^{A) —)■ 0 and get an exact sequence of graded A-modules 

0 K^{A) Da+{CY ^ ^ 0. As ^ = 0, we obtain 1C\ = tJyC^Y- 

(b) : The standard isomorphism Ext^“^(A, S{—r — 1))^ = ^(Ox,x, Or Y implies the 

requested isomorphism = K^{Ox,x)- taking local Maths duals preserve lengths, 
local duality implies that 

e,j,(X) = leiagth{Hl^^Y^x,x)) = length (Ox,x)), 

and this implies claim (1). Now, claims (2) and (3) are immediate. 

(c) : As H‘^{A) = if,^(P^,Xx) our hypotheses imply that Soc(i/^(A)) = H'^{A)d-r = K 
and hence the standard isomorphism Soc(if^(A))^ = H‘^{AY k shows that K‘^{A) 
is generated by one single element of degree r — d. Therefore K‘^{A) = S/J{d — r) for 
some homogeneous ideal J C S'. By statement (a), this ideal J is saturated. If we 
apply cohomology to the exact sequence 0 —?• S'// fl L ^ S'// © S'/// —)■ S'/(/ + L) —)■ 0 
and keep in mind, that //^(S'/Z fl L) = //^(P’',Xxuf(a)) = 0, we get a monomorphism 
//2(A) ^ //2(A/(/ + L)). Therefore (/ + L)K\A) = 0 and hence I + L C J. As K‘^{A) 
is of dimension 1, the inclusion is strict. This proves claim (1). 

According to Statement (a)(1) we have reg(J) = reg(S'/J) + 1 = reg(//2(A)(r — /)) + ! = 
reg(//2(A)) + / — r + 1 = / — r + 1, and this proves claim (2). 

Moreover, in view of condition (v) of Proposition 15.61 we have 

dimk(S/J)fc = dimk {H‘^{A)r-d+k) = for all k e No, 


so that 

dinfo {{S/ J)k) = dimis YS/L)k) for all fc < d — r and 

dimk [{S/J)d-r+i) = dimk [{S/L)d-r+i) - (d - r + 2). 

In view of claims (1) and (2) this proves claim (3). 

(d): If the equivalent conditions of Proposition 15.61 do not hold, then dim^ (Soc(//2(A))j) 
vanishes for all j > d — r, takes the value 1 for j = d — r and does not vanish for 
some j < d — r (see Theorem 15.21 (a)(3)). Now, we get our claim by the isomorphism 

Soc{H\A)y = H\AY ®A^. □ 

5.12. Remark. Observe that the previous proposition generalizes Theorem 3.6 (e) of 
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An application in higher dimensions. We now draw a conclusion for higher dimen¬ 
sional varieties of maximal sectional regularity. 

5.13. Corollary. Let n > 2 and let A C P’’ 6e an n-dimensional variety of maximal 
sectional regularity of degree d and of type II. Then X is linearly normal and we have 

ti>ir,Ix(2))> -<i-l 

with eguality if and only if X U ¥{X) is arithmetically Cohen-Macaulay. Moreover, if 
eguality is attained, then depth(A) = n. 

Proof. For n = 2, our claim follows by Theorem 15.21 (a)(2) and (d). 

So let n > 2. Note that a general hyperplane section X' = A fl El C H, (H = P’’”^) of 
A is again a variety of maximal sectional regularity and of degree d of type II. So, by 
induction and on use of the exact sequence 

0 ^ Ixi-l) 

it hrst follows that h^(P^,Xx(l)) = 0 and then that h°(P^,Xx(2)) = h°(EI,Xx'(2)) > 
(^” 2 '*'^) ~ d — 1. So, A is linearly normal and satishes the requested inequality. 

AsF(A') = F(Ane) = F(A)ne (see [BLPSll Lemma 5.1 (a)]), we have (AUF(A))ne = 
A'UF(A'). So, (a UF(A)) flEI is arithmetically Cohen-Macaulay if and only A'UF(A') 
is. Therefore, again by induction, equality holds if and only if A UF(A) is arithmetically 
Cohen-Macaulay. 

Finally, by |BLPSH Theorem 7.1] we know that A fl F C F is a hypersurface. Therefore 
depth (A) = n if A UF(A) is arithmetically Cohen-Macaulay. □ 

Comparing Betti numbers. We finish this section with a comparison of the Betti 
numbers of A and A = A U F(A). 

5.14. Proposition. Let the notations and hypotheses he as in Convention and Nota- 
tion \5.1\ and assume that X is not a cone. Set m := reg(A). Then the following statements 
hold: 

(a) For all i > 1 we have 

{ldi,j{Y) forl<j<m-l, 

A.i(-^) = S A,i(^) = 0 for m < i < d - r + I, 

[ A,d_r+ 2 (A) + (-Zi) for j = d-r + 2. 

(b) m < d — r + 2 if and only if IIi^d-r+ 2 {X) = {^Zl) for all i > 1. 

Proof. Let I and L respectively denote the homogeneous vanishing ideals of A and F(A) 
in S' = k[a;o, Ti,..., Xr], so that /5jj(A) = (3ij{S/I) and (ii,j{Y) = (3ij{S/I fl L) for all 

i,jen. 

(a): The exact sequence 

0 ^ {S/L){-d + r-3) ^ S/lnL^ S/I ^0 


used in the proof of Theorem 15.21 induces the following long exact sequence: 

Torf (k, S/L),+,_d +.-3 ^ Torf (k, S/I n L),+, ^ Torf (k, S//),+, 
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—)■ Torf_^(k, S /—)■ Torf_;^(k, S'// fl 
For all non-negative integers k we have 

dinii^ ( Torf (k, S/L)k+i) = /3k,i{S/L) = 

Therefore, the above long exact sequence makes us end up with isomorphisms 

Torf (k, S/I n L)i+j = Torf (k, S/I)i+j for alH > 1 and all j G {1, 2,..., d — r -|- 1}. 

As reg(5//flL) = reg(F) — 1 = m — 1, we have {Iij{S/I flL) = 0 for alH > 1 and all j > 
m. So by the above isomorphisms we get the requested values of for alH > 1 

and all j G {1,..., d — r -1-1}. 

As reg(S'// fl L) = reg(F) — 1 <d — r-|-2 (see Theorem I5.2f b)(l)). the last module in 
the above exact sequences vanishes for j = d — r + 2 . So, our previous observation on the 
Betti numbers (3k,i{S/L) yields a short exact sequence 

0 —}■ Torf (k, S/1 S\ T)^ Torf (k, S/ /)j_|_(^_j ._|_2 —^ k(*-i) —y 0 for all f ^ 1, 

which shows that l3i^d-r+2{S/1) = j3i^d-r+2{S/1 fl L) -|- and this proves our claim, 

(b): As already said above, we have m < d — r -|- 3 and hence /3i,j{Y) = 0 for alH > 1 
and all j > d — r -|- 3. Thus m<d — r-|-2if and only if /3i^d-r+2{Y) = 0 for all i > 1. 
Also by statement (a), the second condition holds if and only if (li^d- r+ 2 (X) = (yj) for 
all! > 1. □ 

Special extremal secant lines. In case of surfaces of type II, the special extremal 
secant locus is easily understood. We also shall see that proper 3-secant lines which meet 
X only in regular points are already special extremal lines and we shall approximate the 
singular locus of X by the singular locus of the intersection of X with the extremal F(X) 
plane of X. 

5.15. Proposition. Let the hypotheses be as in Convention and Notation \5.1\ Then the 
following statements hold: 

(a) The image '0(*S(X)) of the special extremal locus *S(X) of X under the Pliicker 
embedding 

: G(1,P") — 

is a plane. 

(b) Let L G G(1,P^) such that L ^ X. Then, the following statements are eguivalent: 

(i) L G *S(X); 

(ii) length(X fl L) > 3 and X fl L C Reg(X). 

(c) Sing(X) = {x e Sing(X fl F(X)) | F(X) C T 2 :(X)}. In particular, each point 
X G Sing(X n F(X)) not contained in a line L C X fl F(X) is a singular point of 
X. 

Proof, (a): As X is of type II, we know that 1 Jlg*s(a) T- = F(X) = P^ C P’' is a plane, so 
that *S(X) = G(1,F(X)) = G(1,P^). Standard arguments on Pliicker embeddings show 
that '0(G(1,P^)) is a plane in p( 2 

(b): The implication “(i) (ii)” follows as Ch := X fl El is smooth for each El G W(X) 


0 if / ^ 0 

(T) if' = o 
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and hence can only contain smooth points of X. 

So, let L G S 3 (X) snch that X fl L is hnite and contained in Reg(X), and assnme that 
Lh 7 ^ L for all El G IA{X). We aim for a contradiction. Let n = : X X he the 
standard normalization of X, indnced by the linear projection tt' = tt'^ : -» P’’, 

consider the closed preimage L' := 7 r'“^(L) G G{d — r + 2,P'^+^), of L and observe that 
X nL' = 7 r“^(X nL) is hnite. Let H' G G{d, P^+^) be a general hyperplane which contains 
the space L'. If X is not a cone, we may conclnde by |BP21 Remark 2.3 (B)], that the 
intersection df fl H' C H' is a rational normal cnrve. If X is a cone, the fact that L avoids 
the singnlar locns of X implies that L' does not contain the vertex of X and we end np 
again with the conclnsion that X fl H' C H' is a rational normal cnrve. As H' is general, 
the hyperplane El := 7 r'(EI' \ A) G G(r — 1,P’’) avoids the hnite set Sing( 7 r), and hence 
Ch = X n El = 7 r(X n El') C P’’ is an integral cnrve, whence El G U{X). 

By onr assnmption we have L ^ Lh, hence V := (Lh,L) G G(s,EI) with s G {2,3}. In 
particular, the intersection X fl V is hnite. As L 7 ^ Lh, we have 

length(X n (L U Lh)) > Iength(X fl L) + Iength(X fl Lh) — s 

with e = 1 if L n Lh C X and e = 0 otherwise. In the hrst case, we have s = 2, so that 
always 3 — £ > s. Therefore, we obtain 

length(Xn(LULH)) > length(XnL) + length(XnLH)—e > 3 + d — r + 3 — e > d — r + s + 3. 
As L U Lh C Reg(X) fl V this contradicts Proposition 13.51 (b). 

(c): Let X G Sing(X). Let El G W(X) such that Le n Sing(X) = 0 and consider the 
plane Eh := (x,Le) C P''. Then, by Proposition 13.51 (c), we have dim(X fl Eh) = 1. If 
X ^ E(X), this would imply the contradiction that the intersection of X with the three- 
space (x,F(X)) contains inhnitely many curves. Therefore x G F(X). 

Now, let L C F(X) be a general line such that x G L. Then, by Lemma [5.41 (a) we have 
Sing(X) n L = {x} and length(X fl L) = d — r + 3. Assume, that mult 3 ;(L fl X) = 1, 
so that length(Reg(X) fl L) = length(X n L) — 1 = d — r -|- 2. By Proposition 13.51 (b) it 
follows that d — r-|-4 = (i — r-|-2-|-2<d — r-|-l-|-2 = (i — r-|-3, and this contradiction 
shows that multa;(L fl X) > 1. This hrst shows that L is a tangent line to X in x, 
and hence proves that F(X) C Ta;(X). As x G Sing(X), the inclusion is strict. As 
multa;(L n (X n F(X)) = multa;(L fl X) > 1 it also follows that a general line L C F(X) 
which runs through x, is tangent to X fl F(X) in x, so that x G Sing(X Pi F(X)). This 
proves the inclusion ”C” between the two sets in question. As the converse inclusion is 
obvious, we get the requested equality. The additional claim now follows easily, as X is a 
union of lines. □ 


6. The index of normality of X 

Index of normality and extremal planes. Our next main result is devoted to the 
study of the relations among the index of normality X(X), the Betti numbers f3ij{X) and 
the nature of the union X U F(X), where X is a surface of maximal sectional regularity 
which is of type 11. We begin with two auxiliary results. 

6.1. Lemma. Let the notations and hypotheses be as in Convention and Notation 15.11 
Assume that X is not a cone. Then we have the following statements 
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(a) SociH\S/I)){-r - 1) = Torf (k, S/I). 

(b) //depth(X) = 1, then H^{F\Ix{N{X))) = Torf (k, ^//)^(x)+.+i. 

(c) N{X) < d — r if and only if j3r4-r+2{X) = 0. 

Proof, (a): If depth(X) > 1, both of the occurring modules vanish and our claim is 
obvious. So, we assume that depth(X) = 1 and consider the total ring of sections D : = 
Ds+{S/I) = Ox{n)) of X, as well as the short exact sequence 

0 S/I ^ D H\S/I) 0. 

We apply the Kosznl fnnctor K{x-, •) with respect to x := xq, a:i,..., Xr to this sequence 
and end up in homology with an exact sequence 

Hr+i{x; D) hf,+i(x; H\S/I)) Hr{x; S/I) Hr{x; D). 

As depth(Zi)) > 1 the hrst and the last modnle in this sequence vanish, so that 

Hr+i{x-H\S/I)) = Hr{x-S/I). 

As the Koszul complex K{x,S) provides a free resolntion of k = S/S+ and K{x; S/1) = 
K{x; S)®sS/I we have Hr{;r, S/I) = Torf (k, S/I). As the seqnence x has length r + 1, we 
have ifr+ife H^{S/I)) = Soc{H^{S/I)){—r — l). Altogether, we now obtain the requested 
statement (a). 

(b) : As N{X) = end{H^{S/I)), we have 

H\F\Ix{N{X))) = H\S/I)xix) = Soc{H\S/I))x(x). 

Now, our claim follows immediately by statement (a). 

(c) : If depth(X) > 1 we have N{X) = —oo and /3r4_r+2{^) = 0, so that our claim is true. 

We thus may assume that depth(X) = 1. As reg(X) = d —r + 3 we have N{X) < d —r + 1 
and Torf (k, S/I)r+i = 0 for all Z > d —r + 3. Now, we may conclude by statement (b). □ 

Now, we are ready to give the annonnced main result. 

6.2. Theorem. Let the notations and hypotheses be as in Convention and Notation \5. 1[ 
Assume that X is not a eone. Then 

(a) The following statements are equivalent: 

(i) N{X) <d-r. 

(ii) reg(X U F(X)) < d — r + 2. 

(hi) (3i^d-r+2{X) = {/f-Zfj for all i>l. 

(iv) l3r,d-r+2{X) = 0. 

(b) The following statements are equivalent: 

(i) l3l,d-r+2{X) = 1. 

(ii) JnL = {I<d-r+ 2 ), where I and L are the homogeneous vanishing ideals of X 
respectively of¥{X) in S. 

Proof, (a): (i) ^ (ii): Let N{X) < d — r and / and L G S = k[xo, Xi,..., x^] re¬ 
spectively denote the homogeneous vanishing ideals of X and of F(X). According to 
Theorem 15.21 (b)(1) we have end(id^(S'// fl L) = end(id^(S'//)) = N{X) < d — r. 
So, it follows by Theorem 15.21 (b)(3) and (6) that reg(5// (1 L) < d — r + 1, whence 
reg(X) U F(X) = reg(/ fl L) < d — r + 2. 
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(ii) ^ (i): As end{H^{S/I)) = N{X), this is an easy consequence of Theorem 15.21 fbi (2). 

(ii) ^ (hi): This follows by Propsition 15.141 

(hi) ^ (ii): Assume that statement (iii) holds. Then we have in particular that 
f3l,d-r+2 (X) = 1. Now, we may again conclude by Proposition 15.141 

(iii) (iv): This is clear by Lemma [6.11 

(b): (i) ^ (ii): Assume that (]i^d-r+ 2 {X) = 1. Then, it follows by Proposition 15.141 fai 
that (J<d-r+ 2 ) = / n L. 

(ii)^(i): This also follows immediately bv Proposition 15.141 fab □ 

6.3. Remark. (A) The extremal plane F(X) of a surface X of type II which satishes 
N{X) < d — r has some nice properties. We namely can say that the equivalent properties 

(i),(ii) of Theorem 16.21 fbl imply the following statements, in which, for all m G N, we use 

Sec^(X) := IJ L 

LGG(l,P^):length(XnL)>m 

to denote the m-th secant variety of X. 

(1) If L G S(X), then L C X U F(X), 

(2) Secd_,+3(X) = XUF(X), 

(3) F+(X) = F(X). 

Indeed, assume that the equivalent statements (i) and (ii) of Theorem I6.2f b) hold. Let 
L G G(l, P’’) such that d — r + 3 < length(X fl L) < cxd. Let M C S' be the homogeneous 
vanishing ideal of L. Then, {Id-r+ 2 ) C M. As JflL = {I<d-r+ 2 ) h follows that JflL C M. 
As L is not contained in X, the ideal I is not contained in M. It follows that L C M, and 
hence that L C F(X). As S(X) is the closure of all lines L as above, this proves claim 
( 1 ). 

Claims (2) and (3) are immediate by claim (1), as F(X) is a union of lines and each line 
L C P^ with length(X flL) >d — r + 3is contained in X. 

(B) Observe that statement (iii) of Theorem 16.21 (a) implies that (di^d- r+ 2 {X) = 1. So, 
the equivalent statements (a) (i)-(iv) imply the equivalent statements (b)(i) and (b)(ii) 
of this theorem. 

(C) We have seen above, that surfaces X of type II and sub-maximal index of normality 
behave nicely. We therefore can expect, that in the extremal case X(X) = —00 - hence 
in the case where depth(X) = 2 - we get even more detailed information on the Betti 
numbers if X is of “small degree”. 

Surfaces of degree r -I- 1 in P”. We now briefly revisit the special case of surfaces 
X C P” of degree r -|- 1. 

6.4. Remark, (s. |B2j . [BS4] i (A) Assume that r > 5 and let our surface X C P” be 
of degree r -f 1. Then, we can distinguish 9 cases, which show up by their numerical 
invariants as presented in the following table. Here cr(X) denotes the sectional genus of 
X, that is the arithmetic genus of the generic hyperplane section curve Ch {h G U(X)) 
or equivalently, the sectional genus of the polarized surface (X, C>x(l)) in fhe sense of 
Fujita |Fuj . Moreover sreg(X) denotes the sectional regularity introduced in Remark and 
Dehnition 12.41 
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Case 

sreg(X) 

depth(X) 

a(X) 

e(X) 

h\{l) 


1 

2 

3 

2 

0 

0 

0 

2 

3 

2 

1 

0 

0 

0 

3 

3 

2 

1 

1 

0 

0 

4 

3 

1 

1 

0 

1 

0 

5 

3 

2 

0 

2 

0 

0 

6 

3 

1 

0 

1 

1 

< 1 

7 

3 

1 

0 

0 

2 

< 2 

8 

4 

2 

0 

3 

0 

0 

9 

4 

1 

0 

0 

2 

3 


The case 9 occurs only if r = 5. In |B2j and |BS4j we listed indeed two more cases 10 and 
11, of which we did not know at that time, whether they might occur at all. For these 
two cases we had sreg(X) = 4 = (i — r + 3 and e(X) G {1, 2}. As these surfaces would be 
of maximal sectional regularity, this would contradict Theorem 14.31 (b) and Theorem 15.21 
(a). So, surfaces which fall under the cases 10 and 11 cannot occur at all. In the case 9 
we have e(X) = 0, and hence by Theorem 15.21 (b)(3) the surface X is of type I in this 
case. 

(B) The surfaces of types 8 and 9 are of particular interest, as they are the ones of maximal 
sectional regularity within all the 9 listed types. Observe, that among all surfaces X of 
degree r +1 in P’’, those of type 8 are precisely the ones X which are of maximal sectional 
regularity and of arithmetic depth >2. If r > 6, the surfaces of type 8 are precisely the 
ones which are of maximal sectional regularity. 

(C) Observe, that in the cases 5 - 9 we have cr(X) = 0. This means, that the surfaces 
which fall under these 5 types are all sectionally rational and have hnite non-normal locus. 
So, by Theorem 4.1 in |BLPSlj . these surfaces are almost non-singular projections of a 
rational normal surface scroll X = ^(a, r -1- 1 — a) with 0 < a < even if they are 
cones (see |BS3( Corollary 5.11] for the non-conic case). So, according to Theorem 12.91 (b) 
the surfaces X of types 5 - 9 all satisfy the Eisenbud-Goto inequality reg(X) < 4, with 
equality in the cases 8 and 9 (see Theorem 15.21 (a)(1) and Theorem 02] )• In the cases 1-5, 
the values of h®(P'’,Xx(n)) =: /i*(S'//)„ {i = l,2,n G Z) (see |BS41 Reminder 2.2 (C) and 

(D) ]) show, that reg(X) = 3. In the case 6 we may have reg(X) = 3 whereas in the case 7, 
we know even that reg(X) may take both values 3 and 4 (see |BS41 Example 3.5, Examples 
3.4 (A),(B) and (C)]). This shows in particular, that there are sectionally rational surfaces 
X C P^ of degree r -I- 1 with finite non-normal locus and sreg(X) < reg(X). 


6.5. Corollary. Assume that the surface X C PJ^ is of degree r -|- 1. Then, the following 
statements are eguivalent 


(i) The surface X is of type 8. 

(ii) e(X) = 3. 

(hi) sreg(X) = 4 and depth(X) = 2. 

(iv) sreg(X) = 4 and X does not fall under the case 9 of Remark\6.4 


Proof. This follows easily on use of the table in Remark 16.41 (A). 


□ 
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7. Examples and Problems 

Surfaces of extremal regularity with small extremal secant locus. As announced 
already in the Introduction, we now shall present a construction, which allows to provide 
examples of surfaces of extremal regularity whose extremal secant variety is of dimension 
— 1,0, or 1. These surfaces are in particular not of maximal sectional regularity. We 
already have spelled out the meaning of such examples in relation what is said about 
varieties of extremal regularity in |GruLPe] . 

7.1. Construction and Examples. Let a,b,d G N with a < 6, let r := a + 6 + 3, 
assume that d > r and consider the smooth threefold rational normal scroll of degree 
a+6+l=r-2 

Z := S{l,a,b) C PL 

Let H,F E Div(Z) respectively be a hyperplane section and a ruling plane of Z, so that 
each divisor on Z is linearly equivalent to mH + nF for some integers m, n. Let X C P*' 
be an non-degenerate irreducible surface of degree d which is contained in Z as a divisor 
linearly equivalent to H + {d — r + 2)F. 

(A) One can easily see that h°(X, (Px(l)) = h°(Z, Oz{l)) + d — r + 1 = d + 2. This 
means that the linearly normal embedding X C P'^+^ of X by means of Cx(l) is of 
minimal degree and X is a regular projection of X. Keep in mind, that X is either a 
smooth rational normal surface scroll, a cone over a rational normal curve or the Veronese 
surface in P^. As d -|- 1 > 5, and as a cone does not admit a proper isomorphic linear 
projection, X C P^+^ is a smooth rational normal surface scroll. This means that X is 
smooth and sectionally rational. Also reg(X) = d — r -\- 3 (cf. [El Theorem 4.3]) and 
hence X is a surface of extremal regularity. 

(B) Let L be a line section of Z. Then the intersection number L-X takes the maximal 
possible value d — r + 3. This means that either L is contained in X or else it is a proper 
(d — r-|-3)-secant line to X. On the other hand, observe that any proper (d —r-|-3)-secant 
line to X must be contained in Z as a line section, since Z is cut out by quadrics. 

To reformulate this observation, we introduce the locally closed subset 

S°(X) := {L e G(l, P^ I d - r + 3 < length(X O L) < oo} C G(l, P^ 

of proper (d — r -|- 3)-secant lines to X, so that S°(X) = E(X). The previous observation 
now may be written in the form 

S°(X) = {L G G(1,P^) I L is a line section of Z and L ^ X}. 

(C) Suppose that a > 2 and let L be the unique line section S'(l) of Z. If L is 
contained in X, then we have S°(X) = 0 and hence E(X) = 0. So, in this case X is a 
surface of maximal regularity, having no proper extremal secant line at all. Next, if L is 
not contained in X, then we have E°(X) = S(X) = {L}, and hence dim (E(X)) = 0. 

(D) Suppose next, that a = 1 and b >2. Then, by part (B), we have 

S°(X) = {L G 5(1,1) I L is a line section of Z and L ^ X}. 

Since X ^ 5(1,1), all but finitely many line sections of Z are proper (d — r -|- 3)-secant 
lines to X. This implies that dim (E(X)) = dim (S°(X)) = 1 and that F+(X) is exactly 
equal to 5(1,1). 
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Surfaces of maximal sectional regularity of type I. We now provide a few examples 
for surfaces of maximal sectional regularity of type I, focusing on the various Betti tables 
which may occur. These tables have been computed by means of the Computer Algebra 
System Singular |DGSch] . We use the divisorial description of surfaces of type I given in 
Theorem 12.11 

7.2. Example. Let X <Z W := S'(l, 1,1) C be a divisor which is linearly equivalent to 
H + {d — 3)F. Then X is given by an isomorphic projection of a smooth rational normal 
scroll X C P^^^ (see IB Lemma 3.1]). 

(A) Let d = 8 and assume that X has the parametrization 

{(u'^s : u'^t : vs^ : vs^t : vst^ : vst^') \ (s, t), (u, u) G \ {(0, 0)}}. 

Then, X has the following Betti table. 


i 

1 

2 

3 

4 

5 

A,i 

3 

2 

0 

0 

0 

/^i,2 

0 

0 

0 

0 

0 

1^1,3 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

A,5 

21 

70 

87 

48 

10 


(B) Let d = 9 and assume that X has the parametrization 

: u'^t : us® : vs'^t : vst^ : uf®) | (s, t), (u, u) G k^ \ {(0, 0)}}. 
Then, we get the following Betti table for X. 


i 

1 

2 

3 

4 

5 

A,i 

3 

2 

0 

0 

0 

A,2 

0 

0 

0 

0 

0 

A,3 

0 

0 

0 

0 

0 

A,3 

0 

0 

0 

0 

0 

A,4 

0 

0 

0 

0 

0 

A,5 

28 

96 

123 

70 

15 


(C) Let d = 10 and assume that X has the parametrization 

{(m®s : u^t : us® : us®f : usf® : ust®) | (s, t), (u, u) G k^ \ {(0, 0)}}. 
Then, the Betti table of X is as given below. 


i 

1 

2 

3 

4 

5 

A,i 

3 

2 

0 

0 

0 

A,2 

0 

0 

0 

0 

0 

A,3 

0 

0 

0 

0 

0 

A,3 

0 

0 

0 

0 

0 

A,3 

0 

0 

0 

0 

0 

/^i,4 

0 

0 

0 

0 

0 

A,5 

36 

126 

165 

96 

21 
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Surfaces of maximal sectional regularity of type II. Next, we aim to present 
examples which concern surfaces X C P’’ (r > 5) of maximal sectional regularity of 
degree d > r and of type II. Set Y := X U F(X) and recall that t(X) denotes the pair 
(depth(X), depth(F)). We will construct a few examples of X, having all possible r(X) 
listed in Theorem I5.2r c). 


7.3. Construction and Examples. (A) We assume that the characteristic of the base 
held k is zero. Let a, h be integers such that 3 < a < b and consider the standard smooth 
rational normal surface scroll X := S{a,b) C P“+^+^. We shall construct surfaces of 
maximal sectional regularity of type II by projecting X from appropriate linear subspaces 
of P“+^+i. The occurring Betti diagrams have been computed by means of the Computer 
Algebra System Singular |DGSch] . 

(B) Let A be an (a — 3)-dimensional subspace of {S{a)) = P“ which avoids S{a) and let 
X C P^+^ be the linear projection of X from A. Observe that this linear projection maps 
(S'(a)) onto a plane P^ = F c P^+^. Suppose that this projection maps S{a) birationally 
onto a plane curve Cq C F of degree a. Since X C is a surface of degree a + b, we 
have reg(X) < a by Theorem l5.2f aL On the other hand, a general line on F is a proper 
a-secant line to X. Therefore reg(X) = a, X is a surface of maximal sectional regularity 
of type II and F(X) = F. Finally, we get 'r(X) = (2,3) by Theorem 15.2f cL 

(C) Assume that b > 3. Let A be a (6 — 3)-dimensional subspace of {S{b)) = P^ which 
avoids S{b) and let X C P“+3 be the linear projection of X from A. So, this linear 
projection maps {S{b)) onto a plane P^ = F c P“+3. From now on, we assume that this 
projection maps S{b) birationally onto a plane curve C;, C F of degree b. Then as in 
(B), one can see that X C P^ is a surface of maximal sectional regularity of type II and 
F(X) = F. If 6 < a + 2, then we have t(X) = (2, 3) by Theorem 15.2f cL 

(D) From now on, we assume that b > a + 3, and we will vary the projection center A. 
To do so, we hrst consider the canonical isomorphism 

A : pi ^ S{b), [s : t] ^ [0 : . . . : 0 : s'* : s^-H : . . . : st^-^ : t’^] G P“+'’+b 

Then, we choose a homogeneous polynomial / G k[s,t] of degree b which is not divisible 
by s and by t. Now, let 

A; = c {S{b)) \ S{b) 

be such that the composition map 

'■= o K : pi —)■ Gb C F = P^ 

of the linear projection map 

: P“+^+i \ Ay ^ P“+3 

with the above map k sends [s : t] to : / : t^]. Let 

Xy:=7rA,(X)cP“+2 

denote the image of the scroll X under the linear projection map tta^. centered at Ay. 
Then, we may write 

Xy := {[ns“ : us°‘~^t : ... : ust°‘~^ : : vs’^ : vf{s, t) : vt^] \ (s, t), (u, n) G \ {(0, 0)}}. 
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After an appropriate choice of /, this latter presentation is accessible to syzygetic com¬ 
putations. 


7.4. Example. Let (a, b) = (3, 5) and / := sH + sH'^ + sH^ + st^. Then X/ C P® is of 
degree d = 8(= 2r — 4) and the graded Betti numbers /3ij = /3ij{X) of X are as presented 
in the following table. 


i 

1 

2 

3 

4 

5 

6 

A,i 

6 

8 

3 

0 

0 

0 

A,2 

4 

12 

12 

4 

0 

0 

A,3 

0 

0 

0 

0 

0 

0 

A,4 

1 

4 

6 

4 

1 

0 


By Proposition 15.141 (a) it follows from this graded Betti diagram of X, that 

t(X) = (2,3). 

7.5. Example. Let (a, 6) = (3,8) and consider X/. C P® (i = 1,2,3) for the following 
choices of /*: 

(1) fi = S^t + sH'^ + -f sH^ + sH^ + sH^ -f 

(2) /2 = s^t + sH'^ + sH^ -f -1- sH^ + sH^, and 

(3) /a = + sH'^ + sH^ + sH‘^. 

Then X/. C P® is of degree d = 11 (= 2r — 1 = 3r — 7) for all i = 1,2, 3. The graded 

Betti diagrams of Xf^, Xf^ and X/g are given respectively in the three tables below. 


i 

1 

2 

3 

4 

5 

6 

A,i 

6 

8 

3 

0 

0 

0 

A,2 

0 

0 

0 

0 

0 

0 

A,3 

4 

12 

12 

4 

0 

0 

1^1,4 

0 

0 

0 

0 

0 

0 

A,5 

1 

4 

6 

4 

1 

0 

A,6 

0 

0 

0 

0 

0 

0 

f^ij 

1 

4 

6 

4 

1 

0 


i 

1 

2 

3 

4 

5 

6 

A,i 

5 

5 

0 

0 

0 

0 

A,2 

1 

0 

1 

0 

0 

0 

A,3 

1 

9 

11 

4 

0 

0 

A,4 

4 

18 

32 

28 

12 

2 

A,5 

0 

0 

0 

0 

0 

0 

A,6 

0 

0 

0 

0 

0 

0 

A,7 

1 

4 

6 

4 

1 

0 
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i 

1 

2 

3 

4 

5 

A,i 

3 

2 

0 

0 

0 

A,2 

10 

27 

24 

7 

0 

A,3 

0 

0 

0 

0 

0 

A,4 

0 

0 

0 

0 

0 

A,5 

0 

0 

0 

0 

0 

A,6 

0 

0 

0 

0 

0 

A,7 

1 

4 

6 

4 

1 


By Proposition 15.141 (a) we can see from these tables that 

= (2, 2), r(X/J = (1,1) and T{Xf^) = (2, 3). 

7.6. Example. Let (a, 6) = (3,9) and consider Xf. C P®, {i = 1,2) for the two choices 

(1) /i = sH + + sH^ + sH^ + + sf® and 

(2) /2 = sH + + sH^ + + sH'^. 

Then Xj. C P® is of degree d = 12 (= 2r = 3r — 6) for i = 1,2. The graded Betti 

diagrams of Xf^ and Xf^ are given respectively in the tables below. 


i 

1 

2 

3 

4 

5 

6 

A,i 

6 

8 

3 

0 

0 

0 

A,2 

0 

0 

0 

0 

0 

0 

f^i,3 

2 

4 

0 

0 

0 

0 

A,4 

1 

4 

10 

6 

1 

0 

f^i,b 

0 

0 

0 

0 

0 

0 

A,6 

1 

4 

6 

4 

1 

0 

A,7 

0 

0 

0 

0 

0 

0 

A,8 

1 

4 

6 

4 

1 

0 


i 

1 

2 

3 

4 

5 

6 

A,i 

5 

5 

0 

0 

0 

0 

A,2 

0 

0 

1 

0 

0 

0 

A,3 

5 

15 

15 

5 

0 

0 

A,4 

0 

0 

0 

0 

0 

0 

A,5 

5 

23 

42 

38 

17 

3 


0 

0 

0 

0 

0 

0 

A,7 

0 

0 

0 

0 

0 

0 

/^i,8 

1 

4 

6 

4 

1 

0 


By Proposition 15.141 (a) we can verify that 

= (2,2) and r(XjJ = (1,1). 

7.7. Problem and Remark. (A) Let 5 < r < d and let X C P'’ be a non-degenerate 
surface of degree d which is of maximal sectional regularity. We consider the three condi¬ 
tions 

(i) N{X) <d-r. 

(ii) Pl4-r+2{X) = 1. 
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(iii) F(X) = or - equivalently - X is of type 11. 

(B) By the implication (i) ^ (iii) given in statement (a) of Theorem 16.21 we have the 
implication (i) ^ (ii) among the above three conditions. By the implication (i) ^ (ii) 
given in statement (b) of Theorem 16.21 we have the implication (ii) ^ (iii) among the 
above three conditions. 

We expect, that the converse of both implications holds but could not prove this. So we 
aim to pose the problem 

(P) Are the three conditions (i), (ii) and (iii) of part (A) equivalent ? 

Observe, that in view of Remark 16.31 (A) an affirmative answer to this would also answer 
affirmatively the question, whether for surfaces of type II, the extended extremal variety 
and the extremal variety of X coincide (see Notation and Reminder 12.111) . hence the 
question whether 

(Q) F+(X) = F(X) for X of type II ? 

Obviously, this latter question would been affirmatively answered if we could answer 
affirmatively the question 

(R) *S(X) = E(X) for X of type II ? 
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